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Echo state networks (ESNs) are a new approach to recurrent neural networks (RNNs) that
have been successfully applied in many domains. Nevertheless, an ESN is a predictive
model rather than a classifier, and methods to employ ESNs in time series classification
(TSC) tasks have not yet been fully explored. In this paper, we propose a novel ESN ap-
proach named functional echo state network (FESN) for time series classification. The basic
idea behind FESN is to replace the numeric variable output weights of an ESN with time-
varying output-weight functions and introduce a temporal aggregation operator to the out-
put layer that can project temporal signals into discrete class labels, thereby transforming
the ESN from a predictive model into a true classifier. Subsequently, to learn the output-
weight functions, a spatio-temporal aggregation learning algorithm is proposed based on
orthogonal function basis expansion. By leveraging the nonlinear mapping capacity of a
reservoir and the accumulation of temporal information in the time domain, FESN can not
only enhance the separability of different classes in a high-dimensional functional space
but can also consider the relative importance of temporal data at different time steps ac-
cording to dynamic output-weight functions. Theoretical analyses and experiments on an
extensive set of UCR data were conducted on FESN. The results show that FESN yields bet-
ter performance than single-algorithm methods, has comparable accuracy with ensemble-
based methods and exhibits acceptable computational complexity. Interestingly, for some
time series datasets, we visualized some interpretable features extracted by FESN via spe-
cific patterns within the output-weight functions.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

A time series is defined as a sequence of numerical data points in successive order, usually occurring at uniform time
intervals. Time series classification (TSC) is the task of extracting the best discriminating features from the time series data
and detecting their patterns. TSC has attracted great interest from the machine learning and data mining communities and
has been studied in many applications such as brain diagnosis [9,17,50], voltage stability assessment [63], stock market
analysis [28], and so on. Unlike traditional classification problems featuring variables that are independent of their relative
positions, TSC has the specific challenge of the ordering variables being highly correlated, which leads to the loss of some
important information if the traditional machine learning algorithms treat each variable as an independent attribute.
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In recent decades, a large amount of research has focused on temporal data classification, and many efficient techniques
have been proposed. Those techniques can be roughly divided into three categories: 1) Distance-based methods (also called
instance-based methods [5]) estimate a time series instance based on its distance to the tagged samples. Examples include
1-Nearest Neighbor (1NN) with Euclidean distance (ED) [18,24], Dynamic Time Warping (DTW) [6,34,38,40,60], Edit Distance
on Real sequence (EDR) [13], Edit Distance with Real Penalty (ERP) [12], Fixed Cardinality Warping Distances [51], Classifica-
tion trees [23], Longest Common Subsequence (LCSS) [33,56], the Dissimilarity (DISSIM) model [27], Sequence Weighted
Alignment (Swale) [49], Spatial Assembling Distance (SpADe) [15], and Geometric Template Matching (GeTeM) [26]. 2)
Feature-based methods extract various representative features (such as scaling properties, entropy and distribution [21,29])
from a time series for classification. Examples include Discrete Fourier Transformation (DFT) [24], Discrete Wavelet Transfor-
mation (DWT) [8], Pattern Extraction [31], Shapelet [32,44,59], Bag-of-features (BoF) [5], Kernel sparse representation [16],
Structural Generative Descriptions (SGDs) [30], and DTW-distance features [39]. 3) In contrast to the single-algorithm meth-
ods listed in (1) and (2), ensemble-based methods that create collections of different classifiers to achieve higher accuracy
have recently been developed. The Elastic Ensemble (EE) [43] is a combination of 1NN classifiers based on 11 elastic distance
measures. The final classification is obtained by a voting scheme that assigns weights according to cross-validation training
set accuracy. The Shapelet ensemble (SE) [3] is a shapelet transformation based on a heterogeneous ensemble. The collective
of transformation-based ensembles (COTE) method [3] involves pooling 35 different classifiers into a single ensemble based
on time and frequency domains features and has achieved state-of-the-art accuracy performance [1].

All three categories of classification methods have achieved good performance in many domains. In particular, INN with
DTW is difficult to beat [4], and shapelet classification can have high accuracy and acceptable interpretation for time series
[63]. However, distance-based methods and feature-based methods need to explicitly define distances or features. There is
evidence showing that no distance is suitable for all time series data [22,62]. Although ensemble-based methods tend to
have higher accuracy than many single-algorithm methods, they suffer from high complexity and become computationally
inefficient when faced with the big data volumes common in real-world applications. Furthermore, the development of
specific features for each task depends heavily on domain or expert data knowledge and is time-consuming, labor-intensive,
and empirical. Therefore, it is a challenge to automatically find the best discriminating features and a suitable distance for
a time series classification task.

In recent years, echo state networks (ESNs) [37] have emerged as novel recurrent neural networks (RNNs) that can effi-
ciently process the temporal dependency of time series [46] with high nonlinear mapping capacity and dynamic memory. An
ESN has sparse random connections in its hidden layer (reservoir), and the only parameters are the output weights, which
can be adapted using a simple linear regression. Therefore, ESNs and its variants have been successfully applied to time
series prediction [10,19,37,42,45,47,48], resulting in accuracies several orders of magnitude higher than previous techniques.

However, how to employ an ESN in TSC tasks has not yet been fully explored. Little research effort has been devoted
to study ESNs applied to TSC. M. D. Skowronski et al. [53,54] proposed a predictive ESN classifier to classify time series
in automatic speech recognition. L. Wang et al. [57] proposed a multivariate TSC model, Conceptor-ADE (CADE), which is a
combination of an ESN [36] and the adaptive differential evolution (ADE) algorithm. Recently, H. Chen et al. [11]| proposed
a model metric co-learning (MMCL) approach for TSC, in which the core model is an ESN using a cycle reservoir with
jumps (CRJ]) [52]. However, these ESN-based methods are still essentially predictive models rather than classifiers. Their
methodologies involve either setting a real-valued output (not a class label) for each class and voting for the corresponding
class by analyzing the scales of each output predicted value, or training different predictors and assigning a class label
corresponding to the predictor that could predict it best [25,46,61]. In actuality, these are not time series classifiers, which
should project temporal signals into discrete class labels.

In this paper, we propose a novel ESN approach named Functional Echo State Network (FESN) for time series classifi-
cation. We regard the neural states X(t) in the reservoir as functions of time, and then, from a functional analysis point of
view, these functions become the points in a high-dimension functional space. Therefore, the problem of TSC is equivalent to
seeking the optimal discriminating hyperplanes in the functional space (this is where the term‘functional’in FESN is derived
from). FESN can be trained in an end-to-end manner without requiring any predefined distances or handcrafted features.
Our contributions can be summarized as follows:

(1) We replace the numeric variable readout weights of ESNs with time-varying functions, which are dynamic weighting
functions. These output-weight functions take the relative importance of temporal data at different time steps into
consideration.

(2) We introduce a special operator named‘temporal aggregation’, which is the integral of the product of the reservoir’s
neural states X(t) and the output-weight functions, mapping the neural state functions X(t) from functional space into
real number space. This transforms the ESN from a predictive model into a true classifier.

(3) To learn the output-weight functions, a spatio-temporal aggregation learning algorithm is proposed based on orthog-
onal function basis expansion.

(4) FESN leverages the nonlinear mapping capacity of the reservoir and the accumulation of temporal information in
the time domain, which can not only enhance the separability of different classes in a high-dimensional functional
space but also consider the relative importance of temporal data at different time steps according to the dynamic
output-weight functions.
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Fig. 1. The architecture of an Echo State Network.

(5) Theoretical analysis and extensive experiments conducted on UCR data sets show that FESN has competitive or su-
perior performance compared with previous methods and acceptable time complexity. For some time series datasets,
we extract various interpretable features with FESN and visualize the specific patterns in the output-weight functions.

The remainder of this paper is organized as follows. First, we briefly introduce the standard ESN in Section 2. Then, we
give the definitions of the temporal and spatial aggregation operators and related concepts in Section 3. In Section 4, we de-
scribe the proposed FESN in detail, including its structure, learning algorithm and time complexity. Section 5 demonstrates
the efficiency of FESN using the results of comparison experiments on UCR datasets and the effects of the concerned pa-
rameters. Various experiments are conducted to further explore the interpretable features extracted by FESN and visualize
the specific patterns in the output-weight functions. Finally, conclusions are presented in Section 6.

2. Echo state networks

An ESN consists of three basic components: an input layer, a large fixed reservoir and an output layer. The general
architecture of an ESN is illustrated in Fig. 1.

Here, we consider a simple ESN without the input-to-output and the output-to-reservoir connections. If K, N and L are the
numbers of input, internal and output units, respectively, the input-to-reservoir, reservoir and reservoir-to-output weights
are collected by an N-by-K matrix W™, an N-by-N matrix W and an L-by-N matrix W, The matrices W™, W and W are
initialized randomly, and only the matrix W needs to be trained.

The ESN is trained by supervised learning process. Two main steps are involved. The first step is to update the reservoir
states, and the other step is to learn the weight matrix W of the reservoir-to-output layer. The equations for the entire
system are as follows:

X(t +1) = f(Wx(t) + W™u(t + 1)) (1)

y(t +1) = (W x(t + 1)) (2)

where u, x and y are the inputs, the internal states and the outputs, respectively; f contains the activation functions of the
internal units (usually the tanh function in ESN); and f* contains the linear activation functions of the output units.

In the updating step, the ESN projects the input signals into the high-dimensional state spaces in the reservoir, and in
the training step, the weight matrix W can be learned by linear regression. Some research studies have indicated that the
reservoir has the same function as the kernel in kernel-based learning methods [7,41] and is able to incorporate temporal
information present in the inputs [55]. From this perspective, there are three main characteristics that distinguish an ESN
from a traditional RNN:

(1) Input signals drive the reservoir and produce an echo response in a high-dimensional space, which enables the reser-
voir to have the same function as that of the kernel in kernel-based learning methods [7,41].

(2) The large reservoir with fixed weights avoids the vanishing gradient and exploding gradient problems that exist in
conventional RNNs.

(3) The output signal is a linear combination from the reservoir, and simple linear regression algorithms can compute the
linear readout layer weights.

Therefore, training an ESN is both simple and fast, and it will not get stuck in local minima, which endows it with high
computational capabilities for modeling temporal information.

3. Temporal and spatial aggregation operators

The concept of aggregation originates from the description of the biological brain. The brain is a large-scale intercon-
nected network that consists of billions of neurons. Among these neurons, biochemical signals can be transmitted from



4 Q. Ma et al./Information Sciences 373 (2016) 1-20

u, W,
W(t) w.
. J' , - uz 2 Z fout ()
u(t) readout y readout y
temporal aggregation Wy
spatial aggregation
Uy
(a) (b)
Fig. 2. (a) The temporal aggregation operator. (b) The spatial aggregation operator.
w(t
u,(¢) (0) J‘T
out
(1) w, () _[ 2 VANO)
T
input signals readout y
wy (0) '[ spatial aggregation
uy(f) r

temporal aggregation

Fig. 3. The process of spatio-temporal aggregation.

multiple neurons to others. Each one receives signals from multiple dendrites and processes the weighted aggregation re-
sult nonlinearly. Furthermore, output signals on some special neurons can be activated according to the neurons’'threshold
levels. This is called information aggregation [35] and includes two aspects: temporal aggregation and spatial aggregation.

Temporal aggregation was first proposed by X. G. He to efficiently process temporal data in the process neuron network
(PNN) [35]. The process of temporal aggregation with an input temporal signal u(t) driven in a single unit is shown in
Fig. 2(a):

In Fig. 2, w(t) is the weight function, and /7 is the temporal aggregation operator. The mathematical model of temporal
aggregation is given by the following:

T
y= /tzow(f)”(”dt (3)

where T denotes the length of the input signal, y € R.

As shown in Eq. 3, similar to a biological neuron processing signals by weighted aggregation of signals from multiple
dendrites, the operator accumulates the dynamic weighting of the input signal u(t) and maps it into a real-value readout, y.
Therefore, it can be regarded as a functional operator that accepts a function and outputs a real number.

Spatial aggregation is an operator widely used in artificial neural networks (ANNs). For example, let X denote the spatial
aggregation operator. The spatial aggregation is shown in Fig. 2(b), where foU¢ is the activation function of the corresponding
output unit. Similarly, the mathematical model of spatial aggregation is given in Eq. 4, where 6 is a threshold in f°%, (omitted
in Fig. 2(b)):

N
y=rf" > wiu -6 (4)
iz1

where N is the number of inputs.

There are two distinct differences between temporal aggregation and spatial aggregation: (1) the former mainly accumu-
lates the information from time-varying input signals u(t) in the time domain, while the latter aggregates the information
from the inputs, u;, that are time independent; and (2) the temporal aggregation accumulates temporal information in a
single unit, while spatial aggregation is the linear combination of multiple input neurons. Briefly, temporal aggregation
characterizes the temporal information of input signals with dynamic weighting functions, W(t), while spatial aggregation
obtains joint information from multiple independent inputs with static weights, w;.

In a biological neuron, the output is related to the relative timing of the input pulse. To simulate a biological brain,
the temporal aggregation operator needs to be added to an ANN. The combination of temporal aggregation and spatial
aggregation, called spatio-temporal aggregation, is shown in Fig. 3.
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Fig. 4. The general structure of FESN.

In this manner, the output of spatio-temporal aggregation can be given as follows:
N .7
y = fou Z/ w;(O)u;(t)dt — 0 (5)
— Jt=0
j=1

Given the teacher signal d, the loss function is defined by Eq. 6:
F(W(t)) = min|ly — d|| 6
(W(t)) min ly —dll (6)

Note that learning task F(W(t)) can be regarded as a functional problem because its arguments are the matrix W(t),
which is made up of weight functions {w;(t),i=1,2,...,N}. Through this functional learning task, the spatio-temporal
aggregation operator can yield the following benefits:

(1) It takes a function for its input argument, and its output is a real number; Thus, it can project temporal signals into
a discrete class label.

(2) It can effectively accumulate temporal information in the time dimension due to the dynamic weights W(t) that
consider the relative importance of temporal data at different time steps.

However, although adding the temporal aggregation into a feed forward neural network (FFNN) can work well, for a
conventional RNN, learning of the weight functions is a very complicated and time-consuming task. To integrate the training
simplicity of an ESN with the temporal aggregation operator, in Section 4.2, we propose a spatio-temporal aggregation
learning algorithm that makes learning the weight functions possible in RNNs.

4. Functional echo state network

This section describes the proposed FESN for time series classification. The basic idea behind FESN is to introduce a
temporal aggregation operator into the output layer and replace the numeric variables of the output weights in an ESN with
time-varying functions, which allow the ESN to map the reservoir results from the functional field into the real number field
and, thus, transforms the ESN from a regressive model into a classifier. Then, to make the learning process tractable, a spatio-
temporal aggregation learning algorithm is proposed to approximate the output-weight functions with orthogonal function
basis expansion, which can obtain the optimal discriminating weight function in high-dimensional functional spaces. The
details of the proposed method are presented as follows.

4.1. Model formulation

The structure of FESN, which has K input units, a large, sparse and fixed reservoir with N internal units and L output
units for L classes is shown in Fig. 4.

Identical to an ESN, FESN also needs to randomly initialize the input-to-reservoir weight matrix, W™, and the internal
units weight matrix, W. After the initialization stage, the input signals u(t) will be input into the FESN; then, the state of
the reservoir is constantly updated. The updating rules are the same as in Eq. 1:

x(t+1) = f(Wx(t) + WMa(t + 1)), (t=0,1,....T—1) (7)
where x(t) = [x1(t), X, (t). ..., xy(t)]" denotes the state of the internal units at time t, each element x;(t) is the state of the
ith internal unit at time ¢, and f(-) is the vector of the activation function in the reservoir-to-output layer.

Here, we regard the internal neural state x(t) as a function of time with N dimensions in a functional space. Therefore, if
we replace the numerical variables of the output weights with the time-varying functions, we can use temporal aggregation
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operators on each internal unit of the reservoir and regard x(t) as the input u(t) of the temporal aggregation operator f7 in
Eq. 3. The aggregation result of the ith internal unit is

T
nji = /O wji(6)x;(t)dt (8)

where x,(t) (i=1,2,..., N) denotes the state of the ith internal unit at time step t and w;(t) (i=1,2,..., N,j=1,2,..., L)
is the weight function of the ith internal unit to the jth output unit.
As shown in Fig. 4, the jth spatial aggregation result X; is

M=

Xj

=) Nji (9)
1

Hence, the output corresponding to the jth class could be

N T
yj= fOUt(Z]') _ fout (Z/(; Wj,‘(t)Xi(t)dt) (10)
i=1

where the threshold 6 in fU¢ is set to zero for simplicity.
To rewrite Eq. 10 in a more concise form, we define the matrix of the output-weight functions, W (t) as

win () wp®) - win(b)
. wor(t)  wap(t) - woy(t)
W (1) = ) ) (11)
WLll(t) WLZ.(t) WLl'(t) LN

where wj(t) (i=1,2,...,N,j=1,2,...,1) is the weight function of the ith internal unit to the jth output unit, and the
state vector of the internal units in the reservoir is denoted as

T
xt) =[x %0 - wO], (12)
so that the vector of the final output y can be given by
T
y = o ( / w"“f(t)x(t)dt) (13)
=0

where f is the vector of the activation functions of the output units.

From Eq. 13, classifying time series is equivalent to seeking a mapping from functional space to real space, such that
the optimization goal of FESN is to find an appropriate matrix of the output-weight functions W (t) representing the
discriminating hyperplane in an N-dimensional functional space. We propose a spatio-temporal aggregation algorithm for
learning W (t) in the following subsection.

4.2. Learning the weight functions

Nirgin samples of the time series {u™(t), d™} (m=1,2,.. Nirgin, t€0,1,...,T—1) are provided as the training set,
where d™ is an L-by-1 teacher vector obtained by the 1-of-L coding method. Under these conditions, the update process
and the spatio-temporal aggregation in FESN can be given by

XM (t+1) = fF(WX™ (t) + W'u™ (t+ 1)), t=0,1,....,T—1 (14)
N .7

S Z/O wiOX™ (O)dt ). m=1.2, . Nygn. j=1.2.....L (15)
i=1

where xfm) ®(i=1,2,..., N) is the ith internal unit state driven by the mth input signal. In this manner, for an L-class TSC
problem, the loss function in FESN is given by
Nn‘ain
FOW™ () = min 3 [ly™ —d™|? (16)
m=1
Eq. 16 can be regarded as a functional operator because its input argument is the matrix W(t), which is made up of output-
weight functions {w;(t),i=1,2,..., N} that could be learned by orthogonal basis expansion.
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4.2.1. Step 1: Orthogonal basis expansion of xlfm) (t) and wj;(t)
The standard orthogonal basis functions (e.g., Fourier orthogonal basis, wavelet basic function, etc.) are denoted as

©1(), @2 (1), ..., e (L), ... (17)

where ¢,(t) € ([0, T] and C[0,T] denote the set of all continuous real-valued functions on [0,T]. They must satisfy an orthog-
onality constraint such that

T 1 —
[ engmiera ={O o (18)
where m,n e Z. Speciﬁcally, we choose the Fourier orthogonal basis in this paper, which has the following forms:
1 1 1 1 .
F Tcost f51nt ﬁcosnt, ﬁsmnt,.,. (19)

The period T should be rescaled into 27 to satisfy the orthogonality. Subsection 5.2 discusses how to choose an appropriate
orthogonal basis in FESN.

According to the orthogonal decomposition of the continuous signals, the ith internal unit state function xi(m)(t) driven
by the mth input signal can be expressed as the series form of the orthogonal basis expansion

oo

() =Y aMer () (20)
r=1
where al.(r”‘) is the coefficient of the rth orthogonal basis.
Here, we select the first R basis to expand xi(m)(t):

X(m)(t) ~ Za(m)QDT(t) (21)

r=1

where R should be a positive integer to guarantee that, for any & > 0, there exists an Ry that is large enough such that, for
any R > Ry, we have

%™ (1) — Za%r(m <¢ (22)
r=1
In a similar manner, wj;(t) can be expanded based on the basis functions ¢,/ (t)(r" =1,2,...,R) as
R
wji(t) & > bjigry@r () (23)
where b, is the coefficient of the r'th orthogonal basis.

4.2.2. Step 2: Learning by linear regression
Plugging Eq. 21 and Eq. 23 into Eq. 15, we obtain

y = f°“f<2 / (Zbm/)wﬂ(t))(Zamsor(r))dr),m:1,2,...,ijzl,z,...,L (24)

Assuming that f°U¢ is an identity function, Eq. 24 can be simplified as

<m) ZZZ% ji(r) / @r(t) ey (D)dt (25)

i=1 r=1r=

Because ¢,(t) and ¢,/ (t) satisfy the orthogonality constraint in Eq. 18, we have
("1) Zzalr Ji(r) (26)
i=1 r=1

where al ) and bjiry are the coefficients of the rth orthogonal basis to expand x(m) (t) and wj;(t), respectively. Eq. 16,
combined with Eq. 26, can be rewritten as

2
N[T’ﬂl" L
Fbjir) = mm > (Z Za(m)bﬂ(r) - d( )) (27)

J’”’mljl i=1 r=1

where d}m) denotes the jth value of the teacher signals dm,
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Eq. (27) is a least squares problem, and simple linear regression methods (e.g., the pseudo-inverse method) can be used

to solve it. For example, we can use the pseudo-inverse method to obtain the optimal estimation of the parameters b’]f,.(r)
with

wout — MTD (28)

where the matrix W e RNR<L has elements by G=1.2,....Li=12,....N7=1,2,...,R), the matrix M ¢ RNerain *NR hag

elements afrm) (i=1,2,...,Nr=1,2,...,Rm=1,2,..., Nygin), and the teacher signals matrix D € RNrain*l has elements
dj(.m) (j=1,2,....,L,m=1,2,..., Nygin). The algorithm for updating and training the FESN is as follows:

Algorithm 1 Updating and Training algorithm of FESN
Input:
Training series and their labels, {u™ (t),d™},t =1,2,....T, m=1.2. ..., Niyain
Number of orthogonal basis, R
Spectral radius of reservoir, p
Sparsity of reservoir, o
Size of reservoir, N
Categories of time series data, L

Output: The output matrix W' in the Equation (28)

1: Transform teacher labels {d™} into K by L matrix D A
2: Using the {u™ ()}, p, @, N, L to initialize the FESN, including the matrix W and W"
3: for each time series u™ (t) m=1,2,..., Nygin do

4: T < the length of u™(t)

50 XM generate a N by (T + 1) zero matrix

6: for each reservoir unit i in [1, N] do

7: for each time t in [1,T] do

8 Update states: X"™ (i, t) < fOW(i, )+X™ (i, t — 1) + W™(i, :)+u@™ (t))

9 end for

10: M(m, R«(i—1)+1: R xi) < return the first R coefficients of the orthogonal basis to expand XMy, 1)
11:  end for

12: end for

13: WU — M'D

4.3. Classification testing

With the new series u™"(t) applied, the result of the trained FESN is

N R
y =argmaxy; = argmax f* Y "> by ), i=1,2,....L (29)
J J

i=1 r=1

where a;, is the coefficient of the rth orthogonal basis and b}i(r) is the result from Algorithm 1. The algorithm for testing
the new series u"" is shown in Algorithm 2.

4.4. Time complexity analysis

The time complexity of FESN is mainly determined by three processes: updating the internal states, orthogonal expansion
and training. In these processes, several parameters influence FESN’s time complexity, including Ny.;,, the number of training
time series; T, the length of each series; L, the number of categories of training data; N, the size of the reservoir; and R, the
length of the orthogonal expansion. We describe the time complexity of FESN by Theorem 1.

Theorem 1. Given an L-class TSC problem, with a training data size of N4, and a sample length of T, the update complexity
of FESN with an N-unit reservoir is O(Ng4inNT) and the orthogonal decomposition complexity is O(NyinNRlOgR), where the
Fourier orthogonal basis is used as the basis of orthogonal expansion. Training the FESN is equivalent to solving the linear system
equations Ax = b, A € RNwrain*NR qnd b € RNurainxL where x is the solution.

As can be observed from Theorem 1, the first two processes of FESN’s time complexity are linear with T and N, which
means that FESN is scalable with regard to the number of time series. In addition, the training of FESN is not related to the
parameter T; therefore, it is amenable to learning time series of unequal lengths. Although the time complexity of FESN is
proportional to the size of the reservoir, N, and the length of the orthogonal expansion, R, it does not require large N and R
values to achieve good performance. In fact, setting N < 1000 and R < 900 is sufficient in the following experiments.
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Algorithm 2 Testing algorithm of FESN

Input: Testing series data, u™"(t)
Output: Result of classification , y

1: Loading the trained model fesn including the matrices W, W™ and W

2: T « the length of u""(t)

3: X <« generate a zero matrix of 1 —by — (T + 1)

4: for all reservoir units i in [1, N] do

5:  for all time t in [0, T] do )

6: Update states: X(i, t) < f(W(i, :)+X(i,t — 1) + Wi, :)xu"W(t))

7. end for

8:  M(1, R«(i—1)+1: R+ i) < return the first R coefficients of the orthogonal decomposition of X(i, :)
9: end for

—_
o

. for all output units j from 1 to L do
¥j = MW, j)

: end for

: y=argmax;y;

—
w N =

5. Experiments and results

To verify the effectiveness of FESN for time series classification (TSC), we performed a series of experiments on publicly
available time series datasets from the "UCR Time Series Data Mining Archive” [14]. These datasets exhibit different back-
ground knowledge in a wide range of application domains, which is useful when testing the learning ability of different
time series classifiers. The error rate of classifiers is defined as shown in Eq. 30

total number of misclassification data

Error rate = - 30
total number of testing data (30)

and the accuracy rate of classifiers is calculated as follows:
Accuracy rate =1 — Error rate (31)

5.1. Comparison in time series classification

In these experiments, we compare FESN with four representative types of techniques: (1) distance-based methods, (2)
feature-based methods, (3) ensemble-based methods and (4) ESN-based methods. While we did not implement these meth-
ods, we can compare the results of FESN with the reported performances of these methods on the same UCR datasets. As
comparison data, we used the best reported results from the available literature. Due to the lack of consistency across pub-
lications with regard to the number of datasets used when testing these methods, we list their intersection datasets in the
following result tables.

For the distance-based methods, FESN is compared with 6 time series classification methods: 1-Nearest Neighbor (1NN)
with Euclidean distance (ED) (the standard basic method for TSC), 1-Nearest Neighbor with Dynamic Time Warping (DTW),
Sequence Weighted Alignment (Swale), Spatial Assembling Distance (SpADe), a variant of the Longest Common Subsequence
using the first and second derivatives (2DD;css), and Geometric Template Matching (GeTeM). The classification results for
INN-ED and 1NN-DTW are provided in [14], and the results of Swale and SpADe are reported in [58]. For 2DD; and
GeTeM, we cite the results reported in [33] and [26], respectively.

For the feature-based methods, 4 appealing time series classification methods have been proposed in recent years. They
are TSBF [5] based on a bag-of-features representation, time series forest (TSF) combined with entrance [21], a linear feature-
based classifier [29] and a method that uses DTW distances as features (Feature-DTW-DTW-R) [39]. Furthermore, because
shapelet transform is a recently proposed and effective method that has good explanatory power [44], we separately com-
pare shapelet transform with FESN. Shapelet transform can be regarded as a preprocessing technique based on features
called time series shapelets. It is easy to combine shapelet transform with common classifiers; therefore, in the following
experiments, we compare shapelet transform combined with the classifiers of decision trees, Naive Bayes, random forest
and SVM, all constructed on the shapelet transform reported in [44].

For the ensemble-based methods, 3 main ensemble schemes are compared with FESN: Shapelet Ensemble (SE) [3], Elastic
Ensemble (EE) [43] and the collective of transformation-based ensembles (COTE) [3]. SE is a shapelet transformation based
on a heterogeneous ensemble; EE is a combination of 1NN classifiers based on 11 elastic distance measures via a voting
scheme; and COTE pools 35 different classifiers into a single ensemble based on features from time and frequency domains.
We compare the results of FESN with those of SE, EE and COTE reported in [3,43].

Among the ESN-based methods, one is a simple ESN based on the first strategy mentioned in Section 1, and the other
is the metric co-learning model MMCL [11]. In the experiments, the simple predictive classifier ESN is set as follows: the
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Table 1
Error rates of 6 distance-based methods and FESN on 32 UCR datasets.

Data Set ¢ of classes ¢ train g test length  INN-ED  INN-DTW  Swale SpADe 2DDjcss  GeTeM FESN
50words 50 450 455 270 0.369 0.310 0.281 0.341 0.251 0.286 0.376
Adiac 37 390 391 176 0.389 0.396 0.408 0.438 0.575 0.274 0.384
Beef 5 30 30 470 0.333 0.333 0.384 0.500 0.467 0.367 0.000
CBF 3 30 900 128 0.148 0.003 0.013 0.044 0.012 0.041 0.000
ChlorineConcentration 3 467 3840 166 0.350 0.352 0.374 0.439 0.439 0.281 0.124
Coffee 2 28 28 286 0.000 0.000 0.270 0.185 0.107 0.143 0.000
DiatomsizeReduction 4 16 306 345 0.065 0.033 0.028 0.016 0.118 0.065 0.020
ECG200 2 100 100 96 0.120 0.230 0.170 0.256 0.130 0.200 0.070
ECGFiveDays 2 23 861 136 0.203 0.232 0.290 0.265 0.056 0.012 0.019
FaceFour 4 24 88 350 0.216 0.170 0.134 0.250 0.182 0.034 0.034
FacesUCR 14 200 2050 131 0.231 0.095 0.030 0.315 0.085 0.085 0.099
Fish 7 175 175 463 0.217 0177 0171 0.150 0.057 0.063 0.160
GunPoint 2 50 150 150 0.087 0.093 0.066 0.007 0.033 0.013 0.013
Haptics 5 155 308 1092 0.630 0.623 0.581 0.736 0.682 0.542 0.558
[talyPowerDemand 2 67 1029 24 0.045 0.050 0.082 0.233 0.067 0.079 0.028
Lighting2 2 60 61 637 0.246 0.131 0.160 0.272 0.180 0.246 0.148
Lighting7 7 70 73 319 0.425 0.274 0.090 0.167 0.452 0.575 0.288
MALLAT 8 55 2345 1024 0.086 0.066 0.279 0.557 0.060 0.074 0.296
Medicallmages 10 381 760 99 0.316 0.263 0.348 0.434 0.345 0.267 0.343
MoteStrain 2 20 1252 84 0.121 0.165 0.073 0.103 0.152 0.104 0.066
OliveOil 4 30 30 570 0.133 0.167 0.097 0.207 0.833 0.300 0.000
OSULeaf 6 200 242 427 0.479 0.409 0.403 0.212 0.141 0.141 0.517
SonyAIBORobotSurface 2 20 601 70 0.305 0.275 0.205 0.195 0.133 0.180 0.118
SonyAIBORobotSurfacell 2 27 953 65 0.141 0.169 0.281 0.322 0.143 0.090 0.072
StarLightCurves 3 1000 8236 1024 0.151 0.093 0.120 0.142 0.039 0.040 0.160
SwedishLeaf 15 500 625 128 0.211 0.208 0.140 0.254 0.106 0.138 0.093
Syntheticcontrol 6 300 300 60 0.120 0.007 0.060 0.150 0.060 0.123 0.023
Trace 4 100 100 275 0.240 0.000 0.108 0.000 0.040 0.010 0.000
TwoLeadECG 2 23 1139 82 0.253 0.096 0.149 0.017 0.069 0.004 0.077
TwoPatterns 4 1000 4000 128 0.090 0.000 0.000 0.052 0.001 0.154 0.247
wafer 2 1000 6174 152 0.005 0.020 0.004 0.018 0.005 0.006 0.010
yoga 2 300 3000 426 0.170 0.164 0.430 0.130 0.123 0.131 0.198
Win/Lose/Tie 8/23/1 11/19/2 8/24/0  10/21/1 10/22/0  14/16/2 -
Average rank 4.750 3.875 4125 5.078 3.766 3.406 3.000
Rank difference 1.750 0.875 1.125 2.078 0.766 0.406 -

i of best errors 1 6 4 2 6 6 13

size of the reservoir, N, is in the range [300, 1500], the spectral radius of the reservoir, p, is in the range [0.9, 1], and the
sparsity, «, is 0.01.

In the following experiments, FESN has a reservoir with internal units ranging from 80 to 1000 and L output units
corresponding to L-class TSC tasks. The learning strategy of the orthogonal basis in FESN is the Fourier series expansion. The
sparsity of the reservoir, « is 0.01, the spectral radius, p, is in the range [0.8, 1.2], and the length of orthogonal expansion,
R, is in the range [100, 900].

5.1.1. FESN vs. distance-based methods

The classification errors of FESN and 6 distance-based methods on 32 UCR tasks are collated in Table 1.

As shown in Table 1, FESN achieves much higher accuracy than any of the other methods on 13 of the 32 datasets. GeTeM
is the most accurate on 6 of the 32 datasets, while INN-DTW is the most accurate on 6 of the 32 datasets. In particular,
there are some sets such as Beef, Olive Oil, Chlorine Concentration on which the distance-based methods cannot work well
but on which FESN performs with lower error rates. For the set Beef, FESN works well, achieving an error rate of 0.0%, but
the best results of other classifiers have error rates of 33.3% by 1NN ED, 33.3% by 1NN-DTW and 36.7% by GeTeM. In the
Olive QOil task, FESN has a 0.0% error rate, but others have the error rates of only 9.70% (Swale), 13.3% (1INN-ED) and 16.7%
(1INN-DTW).

Apart from the error rates, we count the win/loss/tie numbers, and FESN outperforms the other 5 methods. For example,
FESN is better on 19 of the 32 datasets, equel on 2 and worse on 11 compared to INN-DTW. Compared to 2DDjss, FESN is
better on 22 of the 32 data sets and worse on 10. Over all 32 datasets, FESN is comparable to GeTeM, whose win/loss/tie
numbers are 14/16/2, respectively.

In addition, we conducted non-parametric tests (Friedman tests, Nemenyi tests) [20] to make statistical comparisons. As
shown in Table 1, The average rank of FESN is significantly higher than all the other methods (tested using the Friedman
rank test). GeTeM achieves second place, and 2DD; s ranks third. At a 0.05 significance level, Friedman tests indicate that
the differences of each of the models in Table 1 are statistically significant. A critical difference diagram comparing the
results of FESN to the other distance-based TSC methods is shown in Fig. 5.
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Fig. 5. Comparison of FESN with 6 distance-based classifiers on the Nemenyi test. Groups of classifiers that are not significantly different (at p = 0.05) are
connected.

Table 2
Error rates of 4 feature-based methods and FESN on 19 UCR datasets.

Data Set g of classes 4 train  #test length  TSBF-Unif  TSF Entrance  Feature-linear =~ F-DTW-DTW-R  FESN
50words 50 450 455 270 0.211 0.266 0.453 0.255 0.376
Adiac 37 390 391 176 0.295 0.230 0.355 0.325 0.384
Beef 5 30 30 470 0.460 0.233 0.500 0.533 0.000
CBF 3 30 900 128 0.004 0.026 0.289 0.000 0.000
Coffee 2 28 28 286 0.007 0.036 0.179 0.071 0.000
ECG200 2 100 100 96 0.207 0.080 0.010 0.090 0.070
FaceFour 4 24 88 350 0.048 0.023 0.261 0.136 0.034
FaceAll 14 560 1690 131 0.196 0.233 0.292 0.138 0.096
Fish 7 175 175 463 0.056 0.154 0.171 0.171 0.160
GunPoint 2 50 150 150 0.015 0.047 0.073 0.047 0.013
Lighting2 2 60 61 637 0.334 0.180 0.197 0.112 0.148
Lighting7 7 70 73 319 0.370 0.260 0.438 0.233 0.288
OliveOil 4 30 30 570 0.167 0.067 0.100 0.267 0.000
SwedishLeaf 15 500 625 128 0.088 0.106 0.227 0.101 0.093
syntheticControl 6 300 300 60 0.009 0.027 0.037 0.013 0.023
Trace 4 100 100 275 0.020 0.020 0.010 0.000 0.000
TwoPatterns 4 1000 4000 128 0.004 0.054 0.074 0.000 0.247
wafer 2 1000 6174 152 0.003 0.005 0.000 0.006 0.010
yoga 2 300 3000 426 0.156 0.151 0.226 0.141 0.198
Win/Lose/Tie 8/11/0 8/11/0 4/15/0 8/9/2 -

Average rank 2.711 2.842 4132 2.790 2.526
Rank difference 0.148 0.316 1.605 0.263 -

i of best errors 4 2 2 6 7

The critical difference in Fig. 5 is 1.593, such that two classifiers are significantly different when their rank difference is
at least 1.593. Therefore, we can conclude that FESN is significantly better than TNN-ED and SpADe and slightly better than
1NN-DTW, Swale and 2DD;css. The rank difference between GeTeM and FESN is 0.406; consequently, these two methods
exhibit comparable performance.

5.1.2. FESN vs. feature-based methods

Table 2 shows the classification error rates of FESN and the feature-based methods, including TSBF-Unif, TSF Entrance,
Feature-based linear, and Feature-DTW-DTW-R, on 19 UCR sets.

Compared with Feature-linear, FESN performs better on 15 of the 19 datasets, ties on 0 and performs worse on 4. Com-
pared with TSBF-Unif, FESN performs better on 11 of the 19 datasets and worse on 8. Over all 32 datasets, FESN performs
comparably to Feature-DTW-DTW-R, whose win/loss/tie numbers are 8/9/2, respectively. Similar to the distance-based meth-
ods, the Beef and Olive Oil tasks are also difficult for the feature-based methods. FESN has the highest average rank of 2.526,
and Feature-linear has the lowest average rank of 4.132. As the results of Nemenyi tests in Fig. 6(a) show, the difference be-
tween FESN and Feature-linear is statistically significant with a critical difference of 1.399, and FESN achieves slightly better
performance than TSBF-Unif, TSF Entrance and Feature-DTW-DTW-R.

We compared FESN with shapelet transform methods independently. Table 3 provides the error rates of FESN and 4
classifiers constructed on the shapelet transform on 17 UCR sets. FESN achieves the highest average rank of 1.471 and the
best performance in 14 out of 17 TSC tasks in Table 3, showing that it performs better than the other classifiers constructed
on the shapelet transform. For example, FESN is better on 15 of the 17 datasets, equal on 1 and worse on 1 when compared
with the shapelet transform with random forest. As shown in Fig. 6(b), FESN is significantly better than Shapelet Tree,
Naive Bayes and Random Forest at a 0.05 significance level and performs slightly better than shapelet SVM. These results
indicate that, with the orthogonal decomposition (e.g., Fast Fourier Transform) in the high-dimensional functional spaces,
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Fig. 6. Comparison of FESN with feature-based classifiers on the Nemenyi test. Groups of classifiers that are not significantly different (at p = 0.05) are
connected. (a) shows the comparison of FESN with TSBF-Unif, TSF Entrance, Feature-linear, Feature-DTW-DTW-R. (b) shows the comparison of FESN with
classifiers constructed on the shapelet transform: Shapelet Tree, Naive Bayes, Random Forest and Shapelet SVM.

Table 3
Error rates of FESN and 4 classifiers constructed on the shapelet transform on 17 UCR datasets.

Data Set g of classes  # train 7 test length  Shapelet Tree  Naive Bayes  Random Forest  Shaplet SVM  FESN
Adiac 37 390 391 176 0.708 0.719 0.696 0.762 0.384
Beef 5 30 30 470 0.500 0.267 0.400 0.133 0.000
ChlorineConcentration 3 467 3840 166 0.412 0.540 0.424 0.439 0.124
Coffee 2 28 28 286 0.036 0.071 0.000 0.000 0.000
DiatomSizeReduction 4 16 306 345 0.278 0.212 0.196 0.078 0.020
ECGFiveDays 2 23 861 136 0.225 0.036 0.067 0.011 0.019
Face(four) 4 24 88 350 0.159 0.023 0.125 0.023 0.034
GunPoint 2 50 150 150 0.107 0.080 0.040 0.000 0.013
ItalyPowerDemand 2 67 1029 24 0.108 0.075 0.070 0.079 0.028
Lighting7 7 70 73 319 0.507 0.425 0.356 0.301 0.288
Medicallmages 10 381 760 99 0.512 0.826 0.492 0.475 0.343
MoteStrain 2 20 1252 84 0.175 0.112 0.154 0.113 0.066
SonyAIBORobotSurface 2 20 601 70 0.155 0.210 0.148 0.133 0.118
SyntheticControl 2 50 150 150 0.057 0.220 0.110 0.127 0.023
Trace 4 100 100 275 0.020 0.020 0.020 0.020 0.000
TwoLeadECG 2 23 1139 82 0.149 0.009 0.039 0.007 0.077
ElectricDevices 7 8296 7711 96 0.451 0.746 0.440 0.758 0.416
Win/Lose/Tie 0/17/0 2/15/0 1/15/1 4/12/1 -
Average rank 4.147 3.706 3.029 2.647 1.471
Rank difference 2.677 2.235 1.559 1177 -

# of best errors 0 1 1 5 14

Critical Difference =0.817 Critical Difference = 1.773
I I P
4 3 2 1 4 3 2 1
1 1 1 1 1 1 1
2.864 1.894
SE ——MM— —— COTE ESN 4.000 1.786 MMCL-SVM
2.667 2.576 2.286 1.929
FESN EE MMCL-KNN FESN
(@) (b)

Fig. 7. (a) Nemenyi test comparisons of FESN with 3 ensemble-based classifiers. (b) Nemenyi test comparisons of FESN with 3 ESN-based classifiers. Groups
of classifiers that are not significantly different (at p = 0.05) are connected.

FESN can extract more representative features than the classifiers constructed on the shapelet transform. We will illustrate
some interpretable features extracted by FESN in the case study in subsection 5.4.

5.1.3. FESN vs. ensemble-based methods

The comparison results of FESN and three ensemble-based methods on 33 UCR tasks are shown in Table 4.

As shown in Table 4, we found that, compared with the ensemble-based methods (SE, EE and COTE), FESN achieves the
best performance on 12 of the 33 UCR datasets. COTE won on 13 datasets, while SE and EE’s performances won on 4 and
8 of 33 tasks, respectively. COTE has the best overall performance. The average rank of FESN is 2.667, lower than SE but
higher than COTE and EE. To further analyze the performance, we used Binomial tests are to measure the significance of the
differences between FESN and the three ensemble-based methods. Fig. 7(a) shows the critical difference diagram.
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Table 4
Error rates of 3 ensemble-based methods and FESN on 33 UCR datasets.

Data Set 1 of classes 4 train 1 test length SE EE COTE FESN
50words 50 450 455 270 0.281 0.180 0.191 0.376
Adiac 37 390 391 176 0.435 0.353 0.233 0.384
Beef 5 30 30 470 0.167 0.367 0.133 0.000
CBF 3 30 900 128 0.003 0.002 0.001 0.000
ChlorineConcentration 3 467 3840 166 0.300 0.360 0.314 0.124
CinC_ECG_torso 4 40 1380 1639 0.154 0.062 0.064 0.652
Coffee 2 28 28 286 0.000 0.000 0.000 0.000
DiatomsizeReduction 4 16 306 345 0.124 0.059 0.082 0.020
ECGFiveDays 2 23 861 136 0.001 0.178 0.000 0.019
FaceAll 14 560 1690 131 0.263 0.152 0.105 0.099
FaceFour 4 24 88 350 0.057 0.091 0.091 0.034
FacesUCR 14 200 2050 131 0.087 0.063 0.057 0.099
Fish 7 175 175 463 0.023 0.034 0.029 0.160
GunPoint 2 50 150 150 0.020 0.007 0.007 0.013
Haptics 5 155 308 1092 0.523 0.584 0.481 0.558
ItalyPowerDemand 2 67 1029 24 0.048 0.039 0.036 0.028
Lighting2 2 60 61 637 0.344 0.115 0.164 0.148
Lighting7 7 70 73 319 0.260 0.233 0.247 0.288
MALLAT 8 55 2345 1024 0.060 0.050 0.036 0.296
Medicallmages 10 381 760 99 0.396 0.245 0.258 0.343
MoteStrain 2 20 1252 84 0.109 0.114 0.085 0.066
OliveOil 4 30 30 570 0.100 0.133 0.100 0.000
OSULeaf 6 200 242 427 0.285 0.194 0.145 0.517
SonyAIBORobotSurface 2 20 601 70 0.067 0.293 0.146 0.118
SonyAIBORobotSurfacell 2 27 953 65 0.115 0.124 0.076 0.072
StarLightCurves 3 1000 8236 1024 0.024 0.079 0.031 0.160
SwedishLeaf 15 500 625 128 0.093 0.085 0.046 0.093
Syntheticcontrol 6 300 300 60 0.017 0.010 0.000 0.023
Trace 4 100 100 275 0.020 0.010 0.010 0.000
TwoLeadECG 2 23 1139 82 0.004 0.000 0.015 0.077
TwoPatterns 4 1000 4000 128 0.059 0.067 0.000 0.247
wafer 2 1000 6174 152 0.002 0.003 0.001 0.010
yoga 2 300 3000 426 0.195 0.121 0.113 0.198
Win/Lose/Tie 16/15/2  18/14/1 19/13/1 -
Average rank 2.864 2.576 1.894 2.667
Rank difference 0.197 —0.091 —0.773 -

# of best errors 4 8 13 12

As the results of the Nemenyi test in Fig. 7 show, bold lines indicate groups of methods that are not significantly dif-
ferent. The critical difference is 0.817, which means the differences between FESN, COTE and EE are not significant. COTE is
slightly better than FESN. FESN has nearly the same performance as EE and has slightly better performance than SE. SE, EE
and COTE use collections of many different classifiers (both distance-based and feature-based) that improve their accuracies
on the TSC tasks (such as image outline classification tasks: Adiac, OSULeaf, yoga, etc) that either the distance-based meth-
ods or feature-based methods are good at. For the sensor reading classification tasks (including Beef, Coffee, and Chlorine
Concentration), FESN has a clear advantage. For example, the error rate of FESN on Beef is 0, but COTE is 0.133.

However, although ensemble-based methods can achieve higher accuracies than many single-algorithm methods, they
suffer from high complexity and will become computationally inefficient when faced with the big data volumes common
in real-world applications. In contrast, although it is a single-algorithm method, FESN has competitive accuracy and high
computational capabilities inherited from ESN, as discussed in Theorem 1.

5.1.4. FESN vs. ESN-based methods

In the comparison with the ESN-based methods, we focus on one ESN and two MMCL variants, MMCL-kNN and MMCL-
SVM, which are proposed in [11]. Table 5 shows their classification errors on 7 UCR datasets.

In Table 5, the error rates of MMCL-KNN and MMCL-SVM are the best results reported in [11]. FESN has the lowest error
rates on 4 of the 7 datasets (boldface figures), while MMCL-kNN and MMCL-SVM have the lowest error rates on 2 of the 7
datasets. ESN has no best results on any of the 7 datasets. MMCL-SVM has an average rank of 1.786, which is slightly better
than FESN’s average rank of 1.929. MMCL-KNN ranks third, with 2.286, and ESN has the lowest average rank, 4.0. From the
Nemenyi test results shown in Fig. 7(b), we found a critical difference of 1.773. According to this critical difference, the rank
difference between FESN and MMCL-SVM is -0.143; in other word, there is no significant difference between them.

However, MMCL-SVM is a complex model with adaptive input weights and recurrent weights that must be combined
with an SVM for final classification. From this perspective, by inheriting the fixed-weights reservoir and end-to-end training
with linear regression from ESN, FESN is more efficient than MMCL-SVM.
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Table 5
Error rates of FESN and 3 ESN-based predictive classifiers on 7 UCR sets.
Data Set 1 of classes f train i test length ESN MMCL-KNN MMCL-SVM FESN
OSULeaf 6 200 242 427 0.682  0.120 0.149 0.517
OliveOil 4 30 30 570 0.600 0.133 0.067 0.000
Lightning2 2 60 61 637 0.344  0.295 0.246 0.148
Beef 5 30 30 470 0400 0367 0.173 0.000
Fish 7 175 175 463 0.629 0.114 0.126 0.160
Coffee 2 28 28 286 0.321 0.107 0.000 0.000
Adiac 37 390 391 176 0.798  0.277 0.266 0.384
Win/Lose/Tie 0/7/0 3/4/0 3/3/1 -
Average Rank 4.000 2.286 1.786 1.929
Rank difference 2.071 0.357 -0.143 -
# of best errors 0 2 2
Table 6
Error rates of FESN with different orthogonal bases.

Data Set Walsh  Haar Daubechies  Coiflets ~ Symlets  Fourier

Lighting2 0.230 0.262  0.230 0.213 0.246 0.148

Lighting7 0.370 0295 0.279 0.262 0.295 0.288

ItalyPowerDemand 0.036 0.033  0.039 0.084 0.040 0.028

SonyAIBORobotSurface  0.118 0.205 0.213 0.208 0.233 0.210

SwedishLeaf 0.131 0.131 0.133 0.122 0.141 0.093

FacesUCR 0.079 0.117 0.119 0.105 0.115 0.099

GunPoint 0.020 0.020  0.020 0.027 0.020 0.013

OSULeaf 0.533 0.537  0.533 0.512 0.517 0.517

Win/Lose/Tie 2/6/0 1/7/0 1/7/0 3/5/0 0/7/1 -

Average Rank 3.250 4.063  4.188 3.000 4.563 1.938

Rank difference 1.313 2125 2.250 1.063 2.625 -

# of best errors 1 1 0 2 0 4

Critical Difference = 2.666

5 4 3 2 1
1 1 1 1
I ]
4.563 1.938 X
Symlets Fourier
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Daubechies ——————— t—————————————— Coiflets
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Fig. 8. Comparison of FESN with different orthogonal bases with Nemenyi tests. Groups of classifiers that are not significantly different (at p = 0.05) are
connected.

5.2. Choosing an orthogonal basis

In this section, we analyze the effects of different orthogonal bases for FESN. Popular orthogonal bases include the Fourier
orthogonal basis, Walsh functions basis, and various orthogonal wavelets including haar, daubechies, coiflets and symlets.
The fast Fourier transform (FFT) is a method for rapidly decomposing a function into its frequency representations, but it
ignores temporal information. In contrast, the wavelet transform (WT) is localized in both temporal and spatial spaces, but it
is more complex than FFT. In the experiments, we fixed the wavelet transform level at 2 and fixed the length of the Fourier
expansion to 120.

We selected 8 datasets from UCR, four of which (Lighting2, Lighting7, Italy Power Demand, and Sony AIBO Robot Sur-
face) are from sensor reading classification problems, three (Swedish Leaf, Faces UCR and Adaic) belong to image outline
classification tasks, and the remaining dataset, Gun Point, is a Motion Classification task. The classification results of the 6
orthogonal bases on these 8 UCR datasets are shown in Table 6.

As shown in Table 6, FESN with Fourier basis has the best performance, with an average rank of 1.938. The second-best
is Coiflets, with 3.000, and the third-best is the Walsh function basis with 3.250. In the Nemenyi test results in Fig. 8, the
critical difference is 2.666, which means there are no significant differences among the Fourier, Walsh function and other
wavelet bases.

In addition to evaluating the accuracy of classification, we also conduct experiments to evaluate computational complex-
ity of 6 different orthogonal bases. The time consumption results of FESN when learning with the 6 different orthogonal
bases are shown in Fig. 9.
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Fig. 10. Accuracy of FESN with different activation functions when varying the activation parameter, a.

The horizontal axes represent different reservoir sizes in FESN. As shown in Fig. 9, we found that the Fourier basis (red
line) had the fastest computation time among the 6 orthogonal bases, while the Walsh function basis had the slowest. The
differences among the wavelet orthogonal bases are not significant when the data set is small.

Briefly, considering both the classification accuracy and the learning speed, the Fourier basis is the best choice for FESN.

5.3. Effects of parameter values

Some parameters influence the performance of FESN, including the reservoir size N, the reservoir sparsity «, the reservoir
spectra radius p, the length of the orthogonal basis expansion R, the reservoir unit activation function types (e.g., Sigmoid or
Gaussian) and their parameters. We conducted experiments on the Beef dataset to illustrate the effects of these parameter
values on FESN.

First, we consider the effects of the two activation functions, the sigmoid and Gaussian functions (given by Eqgs. 32 and
33). The parameter is denoted as the symbol a.

Sigmoid (x) = (32)

1+ex

Gaussian(x) = exp(—(Z)z) (33)

For each activation function, Sigmoid and Gaussian, we chose a € {0.001, 0.1, 0.9, 1, 10, 20, 30, 50, 100, 200, 300} with a
fixed N of 200, « of 0.01, p of 0.9 and R of 300. The accuracies of FESN with different activation functions when varying a
are shown in Fig. 10. When a < [0.001, 1], the performance of the Sigmoid function is much better than that of the Gaussian
function. In contrast, when a is in the interval from 10 to 300, the Gaussian function has higher accuracy than the Sigmoid
function. When a is less than 1 in the Sigmoid function, FESN has higher accuracies with a slight sensitivity to a. In the Beef
experiments, we choose Sigmoid as the activation function of FESN.

Second, after setting Sigmoid as the activation function, we illustrate the accuracies versus a and other parameters in
Fig. 11.

On one hand, Fig. 11(a), (b) and (c) clearly show that when the value of a is in the range [0.001, 1], FESN achieves nearly
the same high accuracy regardless of the values of N, @ and p. In these results, a influences the performance of FESN in the
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Fig. 11. Accuracies of FESN versus N, «, p, and R with variation of a respectively. (a) The accuracies of FESN versus N and a (« is fixed as 0.01, p as 0.9, R
as 300); (b) The accuracies of FESN versus « and a (N is fixed as 200, p as 0.9, R as 300); (c) The accuracies of FESN versus p and a (N is fixed as 200, o
as 0.01, R as 300); (d) The accuracies of FESN versus R and a (N is fixed as 200, « as 0.01, p as 0.9).

three cases. On the other hand, although Fig. 11(d) shows similar accuracy trends as 11(a), (b) and (c), a proper R value can
improve the highest accuracy to 100% when R is in the range [300, 400].

On the whole, two arguments, the activation parameter in the Sigmoid function, a, and the length of the orthogonal
expansion, R, have greater effects than others. These results are consistent with those in Fig. 10. In fact, our experiments
obtained similar observations on other UCR datasets. We attribute this to FESN’s ability to project data and extract temporal
features. In other words, a nonlinear transformation by a reservoir with an appropriate activation function can enhance the
separability of the input data in a high-dimensional functional space. In this space, better approximation of the output-
weight functions using orthogonal basis expansion allows FESN to extract more discriminating features (e.g., frequency fea-
tures by the Fourier transform) to find the optimal functional hyperplane W(t).

5.4. Exploratory visualization analysis of features based on a case study

To explore the interpretability of FESN, we studied the output-weight functions obtained by FESN on the Beef data set.
Beef is a food spectrogram dataset used to classify food for food safety and quality assurance [2]. There are five time series
categories in Beef and each class represents a different degree of contamination with offal. The spectrogram of Beef is shown
in Fig. 12(a). At first glance, all five categories except class 1 are difficult to distinguish. Fig. 12(b) shows enlargements of
two categories, class 2 and class 5, that have similar shapes (e.g., the location of the hump).

As mentioned above, we can note from Eq. 8 that temporal aggregation is the integral of the product of the output-weight
function w;j;(t) and the reservoirs neural state function x;(t). That means that FESN considers the relative importance of
subsequences x;(t) at different time steps. Because x;(t) is generated by the input signal u(t) at time step t, FESN equivalently
emphasizes those subsequences of u(t) that are most important for classification. Under these circumstances, the output-
weight functions can be regarded as the optimal functional hyperplanes to separate the different categories of a time series
in a high-dimensional functional space.
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Fig. 13. Output-weight Functions from wy;(t) to ws;(t) (i=1,2,..., N) corresponding to five classes in Beef obtained by FESN.

Fig. 13 visualizes the optimal output-weight functions of the Beef task. As shown in Fig. 13, the output-weight functions
corresponding to the same category have similar shapes, while those belonging to different categories have diverse shapes.
Fig. 12(a) shows that class 2 and class 5 look very similar and that class 1 and class 2 have different shapes. To analyze
which subsequences are important for classification in the two different cases, we compare them separately in Fig. 14(a)
and (b).

From top to bottom, Fig. 14(a) shows the spectrogram of class 5, ws;(t), the bar of average differences between ws;(t)
and w»;(t), the spectrogram of class 2, wy;(t), and the bar of average differences between wy;(t) and ws;(t), respectively.
The bars show how large the differences of the output-weight function values are between the two classes. For example,
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Fig. 14. Some subsequences extracted by FESN for discriminating class 1, class 2 and class 5 in Beef. (a) From top to bottom, there are the spectrogram of
class 5, ws;(t), the bar of average differences between ws;(t) and wy;(t), the spectrogram of class 2, wy;(t), and the bar of average differences between
wy;(t) and ws;(t), respectively. (b) is plotted in the same manner for class 1 and class 2.

in the upper bar, if the average difference between ws;(t) and wy;(t) is larger than a threshold at time step t, the color is
white; otherwise, the color is black. In contrast, in the bottom bar, if the average difference between w;(t) and ws;(t) is
larger than a threshold at time step t, the color is white; otherwise, the color is black. Where two bars are all black at the
same time step ¢, their output-weight functions have very close values for the two classes. Fig. 14(b) is plotted in the same
manner for class 1 and class 2.

We highlight four positions, A, B, C and D, in Fig. 14. At position A, the color is white in the upper bar and black in the
bottom bar. This means that the value of the output-weight function at A is much larger than the value at B. Therefore,
subsequence A in class 5 is a more important feature than the corresponding subsequence in class 2 for separating these
two classes. At position B, the color is black in the upper bar and white in the bottom bar, which means that subsequence
B in class 2 is a more important feature than the corresponding subsequence in class 5 for separating these two classes.
Meanwhile, for position C, the colors are black in both bars; thus, the convex subsequence has little effect on the classifi-
cation of the two classes. However, to classify class 1 and class 2, the subsequence D in Fig. 14(b) at the same position as
subsequence C is important because the color is black vs. white in the two bars. In other words, subsequences A, B and D
are the critical features extracted by FESN to discriminate classes 1, 2 and 5, while subsequence C is not important when
classifying classes 2 and 5. Therefore, FESN enhances the subsequences that are important features for classification with
the weighting functions.

6. Conclusion

A novel approach to ESN named functional echo state network is presented for time series classification. By introducing
a temporal aggregation operator into the reservoir units and replacing the numerical variables of the output weights in
ESN with time-varying functions, FESN can map the reservoir states from the functional field into the real number field,
which transforms it into a true classifier. To cope with the learning problem of time-varying output-weight functions, a
spatio-temporal aggregation learning algorithm is proposed to approximate the output-weight functions with orthogonal
function basis expansion, which can determine the optimal discriminating weight function in high-dimensional functional
spaces. Based on theoretical analyses, FESN has an acceptable computational complexity. An empirical study on UCR datasets
demonstrated that the proposed method can yields comparable or superior performance to existing distance-based, feature-
based, ensemble-based and ESN-based approaches.
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The most relevant advantage of FESN is that it provides an ESN-based classifier for time series classification, reaping the
benefits from the mapping function of the reservoir and the accumulation of temporal information by the temporal aggre-
gation operator. Compared with previous methods that predefine distances or design features from original time series data,
FESN extracts features and measures distances between reservoir state functions x(t) in a high-dimensional functional space,
which can enhance the separability between different classes. Furthermore, as we evaluated in this paper, the interpretation
features for time series are expressed in terms of specific patterns within the output-weight functions in FESN. Future work
should investigate the big data classification in real-world applications.
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